Stiction is a nonlinear friction phenomenon that causes poor performance of control loops in the process industries. In this work, we develop a mixed-integer MPC (Model Predictive Control) formulation including valve dynamics for a sticky valve in order to improve control loop performance. The introduction of the valve nonlinearity into the model prevents the MPC from requesting physically unrealistic control actions due to valve stiction. Simulation studies using a two-tank systems show that, if the deadband value is known apriori, the Mixed-Integer Quadratic Programming (MIQP) can effectively improve the closed-loop performance in the presence of valve stiction.
INTRODUCTION
Model Predictive Control has become one of the most widespread modern control strategies which have been successfully applied in many industrial applications. The idea of MPC is to determine an optimal control at the current time instant by solving an optimal control problem on a prediction horizon. The main reason for the wide-scale adoption of MPC is its ability to handle constraints on inputs and states that arise in most applications. MPC also naturally handles the multidimensional systems. Control valves are necessary elements in many chemical process control systems and are equipped for manipulating mass flows, energy flows or pressure. In general, they contain static and dynamic nonlinearities including saturation, backlash, stiction, deadband and hysteresis. If these nonlinearities are present, the valve is not capable of following the command signals provided by the controller thus leading to control performance degradation. A limit cycle is typically produced around the steady-state operating points if these nonlinearities are not included explicitly in the controller design. To compensate for valve malfunction several methods based on MPC has been developed. The framework developed in (Rodrıguez and Heath 2012) used the inverse of the nonlinearity in series with the original nonlinearity to overcome the problem.
General compensation formulation that includes dynamics of sticky valve and additional constraints on inputs rate of change have been introduced in (Durand and Christofides 2016) . A significant contribution in the area of valve nonlinearities compensation has been done in the work by (Zabiri and Samyudia 2006) which used a hybrid formulation of the input constraint within the MPC design to express the actuator backlash. The controller was used only in the only in the proximity of steady state operating points. Strategy that uses twomove stiction compensation have been revised in (Bacci di Capaci et al 2016) and successfully applied to the pilot plant. In this paper, nonlinear model of the process with defined valve dead-zone was developed and used for optimization of the control signal via MPC strategy. The valve nonlinearity is expressed in terms of IF THEN conditions resulting in the hybrid model. Hybrid systems represent a unified framework for modelling such processes that combine continuous and discrete dynamic with logical rules and appear in various applications like robotic systems and automotives. A special class of hybrid systems called Mixed Logical Dynamical (MLD) systems has been introduced in (Bemporad and Morari 1999) . Hybrid systems can effectively model a variety of systems: hybrid automata, nonlinear systems with the nonlinearity represented by the piece-wise affine functions, linear systems with constraints, etc. MPC is a general approach for control of such systems. However, the optimization problem is no longer quadratic programming (QP) problem but a Mixed-Integer Quadratic Programming problem. The inclusion of integer variables turns the easily solved QP problem, into an NP-hard problem (Borrelli et al 2006) .
VALVE NONLINEARITY DESCRIPTION
A common process nonlinearity affecting the performance of control circuits with control valves (Fig.  1 ) is known as 'stiction' which exhibits a range of nonlinear behaviour including hysteresis, backslash and deadzones, both dynamic and static. In this paper, the model that includes deadband in every valve move was chosen. In Figure 1 the signal u is the process input, that is, the valve output, y is the process output, uMPC is the MPC output, w and v are white Gaussian noises. The sticky valve has a nonlinear dynamics expressed by the following relations:
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The deadband model involves a set of logical rules that represent three regions of the deadband defined by parameter d (Figure 2 ). 
e. the input signal is travelling within the deadband. The nonlinearity is formed by a set of three relatively simple linear relations, thus constituting a sort of switching multiple model scheme.
MODELING THE VALVE NONLINEARITY
The nonlinearity (1) of the valve can be modelled using a set of logical variables ij  : 
Propositional logic is translated into an equivalent linear inequalities using the strategy described in (Bemporad and Morari, 1999) . For example, the first relation of (2) can be translated into two linear inequalities:
where M,m are upper bounds and lower bounds of ( ) u k  and  is a small positive scalar. This equivalence permits the assignment of binary variables to dynamical constraints which may define the different operation modes of hybrid system. The linear process dynamics is expressed by a state-space model
where
and n is the process order, r and m are number of input and outputs, respectively. The resulting MLD system which includes dynamics of the process is described by the following relations: 
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z k are ancillary continuous variables.
PREDICTIVE CONTROL OF THE MLD SYSTEM
Bemporad and Morari introduced a model predictive control of hybrid systems using mixed logical dynamical (MLD) system description and a mixed integer linear program solver in (Bemporad and Morari, 1998) . The quadratic objective function in case of control to a setpoint may be written:
Subjected to equations (5) which define the MLD system state predictions. In (6) the matrices Q,R,S indicate weighting matrices and y ref is the reference signal and Np is the prediction horizon. 
where n c and n i define the numbers of continuous and integer variables, H is a positive definite matrix, f is the n-dimensional vector. The n-dimensional vectors a j and c j and vectors b and d are used to set up the linearity and nonlinearity constraints. The numbers of equality and inequality constraints are specified with m ec and m ic , respectively. The equality and inequality constraints define a feasible region in which the solution to the problem must be located in order for the constraints to be satisfied. The problem can be solved either by brute force or using the existing tools for MIQP programming based on branch-and-bound or branch-and-cut strategies. For MLD systems by definition of the vector 1 ( ) ( )
the problem (7) can be rewritten in the compact form:
The MPC algorithm in the paper uses incremental form which is insensitive to slowly varying system and measurement trends and therefore has integral action (Di Ruscio 2013) . Given the process model
where ( )
A,B and C are system matrices of appropriate dimensions. The augmented model which is independent of the unknown disturbances is then given
SIMULATION EXAMPLE
In other to evaluate the presented approach the simulation example of the two-tank system is used. Figure 3 shows the scheme of the system. The changes of water levels can be described by the set of differential balance equations of the two tanks: The parameters of the simulation system (Table 1) were taken from (Chalupa and Novak 2013) . The levels in both tanks are controlled using two control valves. The second control valve 2 u has a deadband nonlinearity described by the relations (1) of the size 0.05 d  . There are also limits on both control signals and control increments:
The system was linearized with a sampling time of 20s in steady-state conditions 1 2 0.3m, 0.15m h h   . The performance of the MPC control with (Np=10, Q=I, R=0, S=100I) that is unaware of the nonlinearity is presented in Figure 4 and 5. The nonlinearities have negative effects on set-point tracking and result in oscillations in control loops. When a valve has deadband, the valve output does not change in response to changes in the control signal to the valve until the control signal overcomes the deadband.
In order to improve the performance the nonlinearity (1) is translated into the set linear inequalities using (2) that constrain the optimization problem and introduce binary variables. Thus originally quadratic optimization problem with continuous variables is replaced by a mixed-integer quadratic optimization problem. In order to reduce the number of binary variables the control horizon Np is reduced to 3 steps which represents 9 binary variables  . The resulting quadratic problem has Np*3 binary variables and Np*r+N*(m+n) continuous variables (inputs and predicted states of the augmented model). The problem is constrained by limits for input variables, binary variables  and relations defining the evolution of the predicted states. The problem is solved using the branch-and-bound strategy and interior point method is used for solution of the relaxed problems (Novak and Chalupa, 2015) . Using the successive linearization strategy the parameters of augmented model are obtained at each sampling period using the current state ( ) x k and linearization of (12). The steadystate target for each step of the reference signal is given:
The resulting control courses for step-changes of both outputs with the same weighting matrices are presented in Figure 6 and 7. 
CONCLUSION
This paper has presented a possible formulation of MPC to face deadband nonlinearity in control valves for industrial processes. The improved performance of MIQP-based MPC controller is possible at the expense of using more complex and computationally more demanding mixed-integer optimization algorithm. However, the MIQP-based MPC requires the knowledge of the deadband a-priori.
